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Abstract. The possibility of the long-range magnetic order stabilization in two-dimensional ferromagnets
with the account of dipolar and magnetoelastic interactions is investigated. The mechanisms of the magnetic
order stabilization by both types of interactions are studied. The Curie temperature is estimated. The
comparisons with experimental data are made.

PACS. 75.10.-b General theory and models of magnetic ordering – 75.30.Kz Magnetic phase boundaries
(including magnetic transitions, metamagnetism, etc.)

1 Introduction

The physical properties of two-dimensional magnets essen-
tially differ from the properties of three-dimensional mag-
netic systems [1]. First of all, there is no long-range mag-
netic ordering in two-dimensional isotropic magnets and
easy-plane ones [2–4]. In [5] it was shown, that the inter-
action of Holdstone particles in a two-dimensional ferro-
magnet leads to the “infrared” divergence. Besides in such
systems the existence of the condensate of superconduct-
ing electron pairs is impossible [6]. However, it is experi-
mentally established that there is the long-range magnetic
ordering at finite temperature in clean monolayers [7].

Easy-axis anisotropy breaks the symmetry of the sys-
tem, resulting in the gap in magnon spectrum and sta-
bilities the long-range ferromagnetic order. In real mag-
nets the dipolar interaction is present and the account
of this interaction leads to stabilization of the long-range
magnetic order. As it is known, the energy of magnons
of an isotropic two-dimensional ferromagnet (with the ac-
count of just the exchange interaction) is proportional to
k2(ω(k) ∝ k2), where k is the wave vector. The fluctu-
ation integral diverges on the lower limit, that testifies
to the absence of the long-range magnetic order in the
system. The account of dipolar interaction leads to the
square-root modification of the spin-wave dispersion rela-
tion: ω(k) ∝

√
k, and the fluctuation integral converges

on the lower limit [8].
The account of both single-ion anisotropy (easy-axis

and easy-plane one) and dipolar interaction was carried
out in very interesting paper [10]. In such a system there
is the long-range magnetic order due to the dipolar in-
teraction and the easy-axis anisotropy. The similar analy-
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sis was carried out for various two-dimensional ferromag-
nets [11,12].

In real magnetic systems both this interactions play an
essential role. However, in such systems there also exists
the magnetoelastic (ME) coupling. It is known, that this
interaction (in spite of the fact that it is weak in magnets)
changes the spin-wave dispersion relation, resulting in the
magnetoelastic gap in quasimagnon spectrum. The effect
of ME coupling is essential near the point of orientational
phase transitions. It stabilizes the long-range magnetic or-
der in two-dimensional magnets [9,13]. So it is of interest
to investigate the properties of two-dimensional ferromag-
net with the account of ME and dipolar interactions. The
aim of our paper is to study the simultaneous influence of
this interactions on spin-wave spectra and stabilization of
long-range order.

The Hamiltonian of the ferromagnet is as follows:

H = −1
2

∑
n,n′

∑
α,β

(
Jnn′δαβ + V αβnn′

)
SαnS

β
n′

+ λ
∑
n

{
(Sxn)2 uxx (Szn)2 uzz + (SxnS

z
n + SznS

x
n)uxz

}
+
∫

dν
E

2(1− σ2)
{
u2
xx + u2

zz + 2σuxxuzz + 2(1− σ)u2
xz

}
(1)

where Jnn′ is the exchange integral,

V αβnn′ = (gµ)2
(

3Rαnn′R
β
nn′ − δαβR2

nn′

)
R−5
nn′ , (2)

- is the tensor of dipolar interaction, g stands for g-factor,
µ is Bohr’s magneton, Rnn′ is the radius-vector of sites n
and n′, Sin is the ith component of the spin operator at
the lattice site n, λ is the magnetoelastic coupling con-
stant, µij is the symmetric part of deformation tensor;
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E is Young’s modulus, σ is the Poisson coefficient. The
plane of the film coincides with the X0Z plane.

The first term in (1) describes the exchange and dipo-
lar coupling, the second is the magnetoelastic coupling,
the third term includes the energy of elastic deformations
of the lattice, which we assume to be isotropic [14].

To simplify the calculations we assume, that the spin
of a magnetic ion S is equal to unity. We also suppose that
there exists a nonzero magnetic moment aligned with the
0Z axis.

In the further calculations we use the known values of
a dipolar tensor [8]:

V xxk =
A0

3
− kΩ0 sin2 ϕk, V

yy
k = −2A0

3
+ kΩ0,

V zzk =
A0

3
− kΩ0 cos2 ϕk, V

xz
k = −kΩ0

sin 2ϕk
2

, (3)

A0 =
3
2

(gµ)2
∑
R6=0

R−3, Ω0 =
2π(gµ)2

ν2
,

where ν2 is the “volume” of a flat unit cell, ϕk is the angle
between the direction of the wave vector and magnetiza-
tion vector.

2 Dispersion relation of coupled
magnetoelastic waves

We will use the Hubbard operators technique and
bosonization method which enable us to take into ac-
count the magnetoelastic coupling exactly, and exchange
and dipole interactions in the molecular field approxima-
tion [13,15]. These methods have substantial advances in
comparison with the Holstein-Primakoff transformation.
We investigate the system with finite value of magnetic
ion spin (S = 1), while the Holstein-Primakoff transfor-
mation is just expansion on 1/S, and it is valid for very
large S [22].

Because V xz0 = 0, after separation of the mean field
from (1), we obtain the one-site Hamiltonian:

H0(n) = −JzSzn + λ
⌊
uxx(Sxn)2 + uzz(Szn)2

⌋
, (4)

where Jz = 〈S〉(J0 + V zz0 ).
Taking into account the action of S±, Sz operators on

Sz eigenvectors:

Szn|n;M〉 = M |n;M〉; S+
n |n;M〉

=
√

(S + 1) · (S +M + 1)|n;M + 1〉;S−n
=
(
S+
n

)+
,

one can expand the eigenvectors of H0 in this basis. Solv-
ing the equation with the Hamiltonian (4): H0(n)Ψn(M) =
EMΨn(M), where −S ≤ M ≤ S, we find the energy
levels of a magnetic ion EM and eigenfunctions of the

Hamiltonian H0:

E1 =
λ

2

(
u(0)
xx + 2u(0)

zz

)
− χ, E0 = λu(0)

xx ,

E−1 =
λ

2

(
u(0)
xx + 2u(0)

zz

)
+ χ, χ2 = J2

z +
(
λ

2
u(0)
xx

)2

·

(5)
Ψ(1) = cos δ|1〉+ sin δ| − 1〉, Ψ(0) = |0〉,

Ψ(−1) = − sin δ|1〉+ cos δ| − 1〉 · (6)

Here

cos δ =
λu

(0)
xx

2

√√√√(χ− Jz)2 +

(
λu

(0)
xx

2

)2
,

u
(0)
ij are the spontaneous deformations, obtained from the

condition of the free-energy density minimum (F = Fel −
T lnZ, where Z is the partition function). The nonzero
spontaneous deformations are:

u(0)
xx = − λ

E

1− 2σ
2

, u(0)
zz = − λ

E

2− σ
2

, u(0)
xz = 0. (7)

The Hubbard operators are built on the basis of eigen-
functions (6) [15,16]:

XM′M
n ≡ |Ψn(M ′)〉〈Ψn(M)| , (8)

and describe the transition of a magnetic ion from the
state with a quantum number M ′ to the state with a
quantum number M . The relation of spin operators with
Hubbard operators reads:

S+
n =

∑
M

Γ⊥(M)HM
n +

∑
α

γ⊥(α)Xα
n ,

S−n =
∑
M

Γ ∗⊥(M)HM
n +

∑
α

γ∗⊥(−α)Xα
n , (9)

Szn =
∑
M

Γ‖(M)HM
n +

∑
α

γ‖(α)Xα
n .

Here HM
n ≡ XMM

n are diagonal Hubbard operators, α are
the root vectors, which algebra is defined by such commu-
tation relations [15]:⌊

HM
n , Xpq

n

⌋
= (δMp − δqM )Xpq

n = α(p, q)Xα(p,q)
n .

For the system with spin S each root vector α has 2S + 1
components.

In our case the eigenvectors has the form (9) so this
relation looks like:

S+
n =

√
2 cos δ

(
X10
n +X0−1

n

)
+
√

2 sin δ
(
X01
n −X−10

n

)
,

S−n =
√

2 cos δ
(
X01
n +X−10

n

)
+
√

2 sin δ
(
X10
n −X0−1

n

)
,

Szn = cos 2δ
(
H1
n −H−1

n

)
− sin 2δ

(
X1−1
n −X−11

n

)
. (10)
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Comparing (9) with (10), for γ‖(α), γ⊥(α) we obtain:

γ‖(1− 1) = γ‖(−11) = − sin 2δ,

γ⊥(10) = γ⊥(0− 1) =
√

2 cos δ,

γ⊥(0− 1) = −γ⊥(−10) =
√

2 sin δ. (11)

The further analysis we shall carry out in the mean
field approximation, therefore we need only the “trans-
verse” part of the Hamiltonian, which we can obtain, using
the relation between spin operators and Hubbard opera-
tors (9, 10):

H⊥int = −1
2

∑
nn′

∑
αβ

Xα
n C(α)Ann′ CT (β)Xβ

n′ , (12)

where Xα
n is the Hubbard operator, the vector C(α) and

the matrix Ann′ look like:

C(α) = (γ‖(α) γ⊥(α) γ∗⊥(−α)),

Ann′ =

Jnn′ + V zznn′
V xznn′

2
V xznn′

2

V xznn′

2
V xxnn′ − V

yy
nn′

4
Jnn′

2
+
V xxnn′ + V yynn′

4

V xznn′

2
Jnn′

2
+
V xxnn′ + V yynn′

4
V xxnn′ − V

yy
nn′

4


·

(13)

The one-site Hamiltonian H0, being recast in the terms of
Hubbard operators becomes diagonal one:

H0 =
∑
n

(EHn).

Represent the components of the deformation tensor
in the form uij = u

(0)
ij + u

(0)
ij , where u

(0)
ij are sponta-

neous deformations of the lattice, u(1)
ij is the dynamic part

of the deformation tensor, describing the oscillations of
the lattice ions. The deformations u(1)

ij can be presented
through operators of creation b+k,µ and annihilation bk,µ of
phonons [17]:

u
(1)
ij =

i
2

∑
k,µ

exp(ikn)√
2mNωµ(k)

(
bk,µ + b+−k,µ

) (
ejµki + eiµkj

)
,

where k is the wave vector, m is the atom mass, N is the
number of sites in the crystalline lattice, ωµ(k) = cµk is
the dispersion relation for a µ-polarized phonon and cµ is
the velocity of sound, eµ(k) is the unit vector of phonon
polarization.

Separating from the one-site Hamiltonian the terms
proportional to u(1)

ij , and using the above mentioned for-
mula, we obtain the Hamiltonian, which describes the
transformation of magnons into phonons and vice versa:

Htr =
∑
n

{∑
M

PMH
M
n +

∑
α

PαX
α
n

}
, (14)

where:

PM(α) =
1√
N

∑
k,µ

(
bk,µ + b+−k,µ

)
TM(α)
n (k, µ),

T
M(α)
n (k, µ) are the transformation amplitudes.

For the system under investigation the transformation
amplitudes look like:

T 11
n (k, µ) = λT 0

n(k, µ)
(
ezµkz +

1 + sin 2δ
2

exµkx

)
,

T 00
n (k, µ) = λT 0

n(k, µ)exµkx,

T−1−1
n (k, µ) = λT 0

n(k, µ)
(
ezµkz +

1− sin 2δ
2

exµkx

)
,

T 1−1
n (k, µ) = T−11

n (k, µ) =
1
2
λT 0

n(k, µ) cos 2δ(exµkx),

T 01
n (k, µ) = T 10

n (k, µ)

=
λ

4
T 0
n(k, µ)(ezµkx + exλkz)(cos δ − sin δ),

T 0−1
n (k, µ) = T−10

n (k, µ)

= −λ
4
T 0
n(k, µ)(ezµkx + exµkz)(cos δ + sin δ),

(15)

The Hamiltonian (1) can be presented in the form:

H = H⊥int + Htr + H0, (16)

where H0 is the diagonalized one-site Hamiltonian, H⊥int is
the transverse part of Hint (12), Htr is the Hamiltonian of
transformations (14).

As it is well established [18,19], the spectra of elemen-
tary excitations are determined by the poles of the Green
function, which we define as follows:

Gαα
′
(n, τ ;n′, τ ′) = −

〈
T̂Xα

n (τ)Xα′

n′ (τ
′)
〉
· (17)

Here Xα
n (τ) = eHτXα

n e−Hτ are the Hubbard operators in
the Heisenberg representation, T̂ is Wick’s operator. The
averaging is carried out with the Hamiltonian (16).
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det
�
�
�
�δij +Gα0 b(α)aip(α)Apj +B0(k;µ, µ′)T−αk,µG

α
0 b(α)T β−k,µ′G

β
0 b(β)aip(α, β)Apj

�
�
�
� = 0 (18)

In our case the dispersion equation of hybridized mag-
netoelastic waves obtained from the solution of Larkin’s
equation [18–20], with the Hamiltonian (1), has the form:

See equation (18) above

where B0(k, λ, λ′) = Dλ(k,ωn)
1−Qλλ′Dλ(k,ωn) ; Qλλ′ =

Tα(−k, λ)Gα0 (ωn)T−α(k, λ′) = aikα, β) =
(CT (α)C(−β))ik , aik(α) = aik(α, α), b(α) = 〈αH〉0,
Dλ(k, ωn) = 2ωλ(k)

ω2
n−ω2

λ(k)
is the Green function of free

λ-polarized phonon, Gα0 (ω) = {ω+(αE)}−1 is zero Green
function.

The solution of the dispersion equation (18) deter-
mines the spectra of magnon excitations of the ferromag-
net at arbitrary values of temperature, spin or singe-ion
anisotropy constant.

Using the fact that sin δ � 1, from (18) we obtain the
expression for the quasimagnon spectra in the case of low
temperatures:

ε2(k) =
(
A0 + b0 + αk2

) (
b0 + kΩ0 sin2 ϕk + αk2

)
, (19)

where α = J0R
2
0, R0 is the radius of interaction, b0 = 3λ2

4E .
It is evident from (19) that in the case λ = 0 we obtain

Maleev’s result [8]:

ε(k) = | sinϕk|
√
kA0Ω0. (20)

Without the dipolar interaction (A0 = 0, Ω0 = 0) we
obtain a quasimagnon spectrum, similar to that obtained
in [20]:

ε2(k) = {b0 +χ− Jk(1− sin 2δ)}{b0 +χ− Jk(1 + sin 2δ)},

which at δ → 0 (we take, that 〈Sz〉 ≈ 1) can be pre-
sented as:

ε(k) = b0 + αk2. (21)

3 Fluctuation integral and Curie temperature

Let us consider the fluctuation of the magnetic moment
and estimate the probability of the existence of the long-
range magnetic ordering. The simplest way to do this is to
represent the Hubbard operators through bose operators
using the bosonization method [21]. It is necessary to note
that further calculations we shall carry out taking k ‖ OX ,
i.e. the angle ϕk = π/2.

The method is as follows. The one-site Hamiltonian
should be diagonalized, and the Hamiltonian can be re-
cast in terms of Hubbard operators. We assign pseudohub-
bard operators X̃α

n to Hubbard operatorsXα
n , and connect

them with Bose operators by relations:

X̃10
n = (1− a+

n an − b+n bn)an, X̃01
n = a+

n ,

X̃1−1
n = (1− a+

n an − b+n bn)bn, (22)

X̃−11
n = b+n , X̃

0−1
n = a+

n bn, X̃
−10
n = b+nan, H̃

0
n = a+

n an,

H̃−1
n = b+n bn, H̃

1
n = 1− a+

n an − b+n bn.

The fluctuations of the magnetic moment are deter-
mined by the integral:

〈∆M〉 ∝
∫ ∞

0

N(ε)kdk,

where
N(ε) =

(
e
ε(k)
T − 1

)−1

·

The convergence of this integral on the lower limit tes-
tifies to the stabilization of the long-range magnetic or-
dering.

We decide on the possibility of the long-range magnetic
ordering from the convergence of:

〈Sz〉 =
〈
H1 −H−1

〉
· (23)

Substituting (10) into (23), we obtain:

〈Szn〉 = 1− 2
〈
b+n bn

〉
−
〈
a+
n an

〉
· (24)

The Hamiltonian (1) can be presented in the form:

H(2) =
∑
k

(
E0 −E1 − Jk −

1
2

(1 + sin 2δ)V xxk

−1
2

(1− sin 2δ)V yyk

)
· a+
k ak

+
1
2

∑
k

(
−Jk sin 2δ − 1

2
(1 + sin 2δ)V xxk

+
1
2

(1− sin 2δ)V yyk

)(
aka−k + a+

k a
+
−k
)

+
∑
k

(E−1 +E1) · b+k bk.

Using the u− ν transformation [22],

a+
k = ukαk + ν∗kα

+
−k,

ak = u∗kα
+
k + νkα−k, (25)

it is easy to obtain the boson energies:

H(2) =
∑
k

εαα
+
k αk +

∑
k

εbb
+
k bk,
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where εα is determined by (19), and εb is the high-
frequency quasimagnon branch:

εb = 2χ.

Since
√
b0(A0 + b0) � 2χ, in further calculations we do

not take into account the high-frequency quasimagnon
branch.

Substituting expressions (25) to the formula (24), and
using the fact that:

1
N

∑
n

〈
α+
nαn

〉
=

1
(2π)

∫ ∞
0

kdk
eεα/T − 1

,

we obtain the result:

1
N

∑
n

〈Sz〉 = 1− 1
(2π)

∫ ∞
0

(
|uk|2 + |νk|2

)
kdk

eεα/T − 1
· (26)

Here |uk|2+|νk|2 ∝ 1
εα

. It is evident, that if εα is deter-
mined by the expression (19), the integral (26) converges
on the lower limit, that testifies to the existence of the
long-range magnetic ordering in the system.

Such convergence of the integral is caused by the pres-
ence of the magnetoelastic gap b0 in quasimagnon spec-
trum. In the absence of magnetoelastic coupling the inte-
gral also converges, but this convergence is stipulated by a
square-root dependence of quasimagnon spectrum on the
wave vector k in (20).

4 Conclusion

Thus, the mechanisms of the long-range magnetic order-
ing stabilization by magnetoelastic and dipolar interac-
tions are different. In the first case the long-range mag-
netic ordering is stabilized due to magnetoelastic gap in
the spectrum, while the dipolar interaction changes the
dependence of spectrum on the wave vector. The simulta-
neous account of both magnetoelastic and dipolar inter-
action leads to combining of these effects: the spectrum
still has square root dependence on the wave vector k but
possesses the ME gap b0.

From the requirement

1
N

∑
n

〈Sz〉 = 0,

one can estimate the Curie temperature. This equation
yields:

1
(2π)

∫ ∞
0

(
|uk|2 + |νk|2

)
kdk

eεα/TC − 1
= 1. (27)

Let us consider the solutions of (27) in the two cases:
λ → 0 and A0, Ω0 → 0. In the first case (just dipolar
interaction), we obtain the well known Maleev’s result [8]:

TC ≈
α

ln
(
α

Ω0

) ·

If we account only the magnetoelastic interaction the
solution of (27) gives the following result:

TC ≈
4πα

ln
(

4πα
b0

) · (28)

Without magnetoelastic coupling (b0 → 0), from (28)
we obtain TC → 0, that is in agreement with the Mermin-
Wagner theorem [2].

The simultaneous account of magnetoelastic and dipo-
lar interactions essentially complicates the integral in the
l.h.s. of (27). However, one can estimate the asymptotic of
this integral on the lower limit, that enables us to calculate
the Curie temperature:

TC3 ≈ 4πα

{
ln

√
α(A0 + 2b0)
b0(A0 + b0)

−DarctgD

}−1

, (29)

where

D =
Ω0√

4
α

b0
(A0 + b0)(A0 + b0)−Ω2

0

·

If magnetoelastic parameter b0 is much less then dipo-
lar parameter, i.e. b0 � A0 the expression (28) has more
simple form:

TC3 ≈

4πα

ln
√
α

b0
− Ω0√

4
α

b0
A2

0 −Ω2
0

arctg
Ω0√

4
α

b0
A2

0 −Ω2
0


−1

,

(30)

As well as the spectra of quasimagnons, the Curie tem-
perature depends on the magnetoelastic and dipolar pa-
rameters in different ways.

One can estimate the Curie temperature using the ob-
tained results. First of all one should note that these for-
mulae give us rough estimates of TC because we use the
condition S = 1, while in experiments such films as Fe/Ag,
Co/Ag etc. with S > 1 are investigated. Besides we have
not taken into account the high temperature effects.

Despite all this, from the exact integral (27), we obtain
in the case of the absence of ME coupling (λ→ 0): TC,d ≈
540 K for values of Co fcc(001), Fe/Ag(001) films [10]
Hex ≈ 2000 kOe, Ω0 ≈ 14 kOe. In the case of the absence
of dipolar interaction (A0, Ω0 → 0) we have the much less
value TC,ME ≈ 290 K where we take b0 ≈ 2.7 Oe [24]. The
simultaneous account of both these interactions increases
the critical temperature up to the value of 570 ∼ 590 K.

Here we can compare our results with experiments
values of TC . For films Fe/Ag(001) of 1 ML-thick TC ≈
400 K [23]. For Co fcc(001) films the TC is about 500 K
([10], and therein).
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